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Chapter 1

Homological Algebra

W
e shall start with homological algebra. We begin by considering simple groups,
which have two equivalent characterizations:

• G is simple if for any normal subgroup N CG, either N = G or N = 1.

• G is simple if given a homomorphism η : G→ H, either η is injective or η(g) = 1
for all g ∈ G. This is easily seen by noting that ker(η) is always a normal subgroup
of G.

Simple groups are considered to be “atoms" or “building blocks" of more general,
complicated groups. One is supposed to be able to build these general groups out of
simple groups. One motivation for this viewpoint is provided by the Jordan-Hölder
Series associated to a group G, which is a finite sequence of subgroups

{1} ≤ G1 ≤ G2 ≤ · · · ≤ Gn−1 ≤ Gn ≤ G

such that

1. every Gi is normal in Gi+1;

2. Gi+1/Gi is simple.

There is a theorem that states that every finite group has a unique Jordan-Hölder
series.

We will try to make the above notion of building groups out of simple groups more
precise.

§1.1 Extension of Groups and Exact Sequences of
Groups

Fix a non-simple group G̃, then it has a non-trivial normal subgroup N , and G̃/N has a
well defined group structure. We describe this situation by saying that G̃ is an extension
of G̃/N by N .

Definition 1.1.1: Extension of a group by another, ver 1.

Let M and G be groups. We say that G̃ is an extension of G by M if there exists
a normal subgroup N C G̃ such that N ∼= M and G̃/N ∼= G.

One should get used to the asymmetry of the term extension: in the situation de-
scribed by the definition above, G̃ is NOT an extension of M by G.

Here are some immediate observations If M is isomorphic to a normal subgroup of
G, then there exists an injective group homomorphism i : M → G. On the other hand
if G ∼= G̃/N for some normal subgroup N of G̃, then there exists a surjective group
homomorphism q : G̃→ G.
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CHAPTER 1. HOMOLOGICAL ALGEBRA 3

Definition 1.1.2: Extension of a group by another, ver 2.

Let G and M be groups. An extension of G by M is a triple (G̃, i, q) where all of
the following hold:

1. G̃ is a group.

2. i : M → G̃ and q : G̃→ G are group homomorphisms.

3. i is injective, and q is surjective.

4. ker(q) = im(i) (this condition is called exactness, and is very fundamental in
homological algebra).

Definition 1.1.3: Exact sequence

An exact sequence of groups with n terms is the following data:

• an n-tuple (G1, . . . , Gn) of groups;

• an (n− 1)-tuple of group homomorphisms

η1 : G1 → G2

η2 : G2 → G3

...
ηn−1 : Gn−1 → Gn

such that
ker(ηi) = im(ηi−1)

for all i.

We often display an exact sequence of groups by simply drawing a diagram:

G1
η1−→ G2

η2−→ . . .
ηn−2−−−→ Gn−1

ηn−1−−−→ Gn.

Definition 1.1.4: Short exact sequence

A short exact sequence (SEC) of groups is a 5-term exact sequence of groups of
the following form:

1→M
i−→ G̃

q−→ G→ 1.

Note that there is only one homomorphism from the trivial group to any group, that
is, the trivial group is an initial object in the category of groups; there is also only
one homomorphism from any group to the trivial group, that is, the trivial group is a
terminal object in the category of groups. Combining the two properties, the trivial
group is a zero object.

Consider the short exact sequence in the above definition. Exactness at M is

ker(i) = im(1→M) = 1
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which is equivalent to i being injective. Exactness at G̃ is

ker(q) = im(i)

so in particular the image of i is a normal subgroup of G̃. Exactness at G is

G = ker(G→ 1) = im(q)

which is equivalent to q being surjective.
Therefore we have the following characterization of extension of a group:

Theorem 1.1.5

An extension of G by M is equivalent to a short exact sequence of groups:

1→M → G̃→ G→ 1

Proof. Immediate. �

Example 1.1.6

onsider the alternating subgroup An C Sn, then we have that

Sn
/
An
∼= Z /2Z

i.e. Sn is an extension of Z/2Z by An.

Problem 1. What kind of structures can we define using the data given by a
SEC/extension of a group G by M ?

Again consider the SEC
1→M

i−→ G̃
q−→ G→ 1

Since q is surjective, there exists a function (not necessarily a homomorphism)

s : G→ G̃

such that
q(s(g)) = g ∀g ∈ G.

This follows from the Axiom of Choice. We call such a function a section of q. This can
be represented by the following commutative diagram (note again that the section s is
just a function, not necessarily a homomorphism):

G̃

G G

q

id.

s
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Proposition 1.1.7

If s is a section of q, then the function

M ×G→ G̃

(m, g) 7→ i(m)s(g)

is a bijection.

Proof. We will prove this by giving a formula for the inverse function.
But first we note that for any x ∈ G̃,

xs(q(x))−1 ∈ ker(q) = im(i).

Indeed we can check using that q is a homomorphism:

q(xs(q(x))−1) = q(x)q(xs(q(x))−1)
= q(x)q(xs(q(x)))−1

= q(x)q(x)−1

= 1.

So by injectivity of i we can write

i−1(xs(q(x))−1)

to represent the unique element ofM that is carried to xs(q(x))−1 by i. Now we present
the formula for the inverse function:

G̃→M ×G
x 7→ (i−1(xs(q(x))−1), q(x))

It is then straightforward to verify that this is indeed the inverse. �

The Proposition above says that, at least after fixing a section of q, there is a (set)
bijection between G̃ and M ×G. This suggests that we might want to investigate group
extensions G̃ by investigating group structures that can exist on M ×G, other than the
usual product group structure.

Proposition 1.1.8

Consider the SEC
1→M

i−→ G̃
q−→ G→ 1.

Then for any section s of q, any m ∈ M , and any g ∈ G, there exists a unique
n ∈M such that

s(g)i(m)s(g)−1 = i(n)

in G̃. We call the left-hand-side of this equation conjugation of i(m) by s(g).

Proof. By exactness, im(i) = ker(q), so im(i) is a normal subgroup of G̃. So by
definition of normal subgroup, for any t ∈ G̃,

ti(m)t−1 ∈ im(i).

In particular this holds for t = s(g), and the uniqueness follows from injectivity of i. �
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Definition 1.1.9

We define the function
C(s)
g (m) : M →M

by setting C(s)
g (m) to be the unique element n ∈M as in the above Proposition.

Proposition 1.1.10

C
(s)
g (m) is an automorphism of M .

Proof. ? �

Thus, for every element g ∈ G, we have defined an automorphism of M . However,
at the moment this still depends on choices of G̃, q, i, and the section s.

Problem 2. Maybe C(s)
g is/can be independent of the choice of s?

The answer is in general NO, except in the case when M is commutative:

Theorem 1.1.11

Suppose M is commutative. Then C(s)
g ∈ Aut(M) does not depend on the choice

of the section s.

Proof. We fix s to be a section of q. and let t : G → G̃ be another section of q. We
aim to show that

C(s)
g = C(t)

g .

By definition of C(s)
g ,

i(C(s)
g (m)) = s(g)i(m)s(g)−1 = t(g)t(g)−1s(g)i(m)s(g)−1t(g)t(g)−1 (1.1)

Now note that
t(g)−1s(g) ∈ ker(q) = im(i).

Indeed, we can check

q(t(q)−1s(g)) = q(t(g))−1q(s(g)) = g−1g = 1.

Since the image of a commutative group is commutative, we can swap the order of
multiplication of t(q)−1s(g) and i(m) in 1.1 to get

t(g)i(m)t(q)−1s(g)s(g)−1t(g)t(g)−1

which reduces to
t(g)i(m)t(g)−1 = i(C(t)

g (m)).
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The RHS follows by definition of C(t)
g . Thus we have shown that

i(C(s)
g (m)) = i(C(t)

g (m))

which implies, by injectivity of i, that

C(s)
g = C(t)

g .

�

Definition 1.1.12

By the above Theorem, when M is commutative, we write Cg to represent the
unique conjugation automorphism of M .

Remark 1.1.13

If M is not commutative, then C(s)
g does depend on the choice of s. But Aut(M)

fits in a SEC:
1→ Inn(M)→ Aut(M)→ Out(M)→ 1.

One can modify the proof of the Theorem a little to show that C(s)
g and C(t)

g have
the same image in Out(M).

Proposition 1.1.14

If M is commutative, the function

G→ Aut(M)
g 7→ Cg

is a group homomorphism.

Proof. ? �

Definition 1.1.15

commutative group M together with a group homomorphism G → Aut(M) is
called a left G-module.

Definition 1.1.16

uppose (M,ρ) is a left G-group. The semidirect product M oG is a group whose
underlying set is M ×G, and its operation is defined by

(m, g)(m′, g′) = (mρ(g)(m′), gg′).
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We can check that this is indeed a group. But first, we observe that

(m, eG)(eM , g) = (mρ(eG)(eM ), eGg) = (m, g)

and so we often abuse notation by writing mg := (m, g), m := (m, eG), and g := (eM , g).
Now we have the identity element (eG, eM ):

(m, g)(eG, eM ) = (mρ(g)(eM ), eGg) = (m, g).

Similarly,
(eM , eG)(m, g) = (eMρ(eG)(m), eGg) = (m, g).

We have inverse elements...
We have the following additional properties

• (eM , g−1)(eM , g) = (eM , g−1g) = (eM , eG).

•

(eM , g)(m, eG)(eM , g)−1 = (eM , g)(m, eG)(eM , g−1)
= (eM , g)(m, g−1)
= (eMρ(g)(m), gg−1)
= (ρ(g)(m), eG)

The second property above indicates that M × {eG} ⊂M ×G is a normal subgroup of
M o G. This gives an explanation for the symbol “o”, which is a combination of “×”
and “C”.

The subset {eM} ×G ⊂M oG is a subgroup but not usually normal.
Here’s one last property:

mgm′g′ = mgm′eg′

= mgm′g−1gg′

= m(gm′g−1)gg′

= mρ(g)(m′)gg′.

Where are we going with all this ?
Homework: We had a subgroup

M ⊂ S10

where
M ∼=

(Z /2
)5

We want to show that

G̃ = NS10(M) = {g ∈ S10 : gmg−1 ∈M∀m ∈M}

is

• an extension of G = S5 by M , i.e. we have SEC

0→M → G̃→ G→ 1

• This is a split extension, i.e. there exists a section of q that is a homomorphism.
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Here’s 15 minute of lecture: Recall that is M is a commutative group and G̃ is an
extension of G by M :

0→M
i−→ G̃

q−→ G→ 1

then we define for every g ∈ G an automorphism Cg ∈ Aut(M). It is defined by

i(Cg(m)) = s(g)i(m)s(g)−1

where s is any section of q. Then we have Prop 1.1.14, that is

Cg(Ch(m)) = Cgh(m)

Proof of 1.1.14. Consider

s(g)s(h)i(m)s(h)−1s(g)−1

which is (related to?) LHS; and

s(gh)i(m)s(gh)−1

which is (related to?) RHS. To prove the result it suffices to prove these are equal to
each other. Equivalently, to show that

s(gh)−1s(g)s(h)i(m)s(h)−1s(g)−1s(gh) = i(m)

The element s(gh)−1s(g)s(h) belongs to im(i) because q(−) = 1. Let us call this element
i(φ(g, h)), φ(g, h) ∈M . Since M is commutative, so is im(i), so

i(m)s(gh)−1s(g)s(h)s(h)−1s(g)−1s(gh) = i(m).

�

So Cg gives M the structure of a left G-module.
Now suppose that M has already a left G-module structure on it, and study the

proper class of all extensions of G by M such that

Cg(m) = gm

Problem 3. Let
0→M → G̃→ G→ 1

be an extension, and choose s : G → G̃ a section. Then from before we know there is a
bijection

M ×G→ G̃

(m, g) 7→ i(m)s(g)
.

What does the group law on M ×G look like?

Answer:
(m, g) · (m,h) 7→ i(m)s(g)i(n)s(h)

is the RHS equal to some
i(−)s(−)?



CHAPTER 1. HOMOLOGICAL ALGEBRA 10

Yes. Here’s how:

i(m)s(g)i(n)s(h) = i(m)s(g)i(n)s(g)−1s(g)s(h)
= i(m)i(Cg(n))s(g)s(h)
= i(m+ gn)s(g)s(h)
= i(m+ gn)s(g)s(h)s(gh)−1s(gh)
= i(m+ gn+ Z(g, h))s(gh)

Feb 10 2021
Let G be a group, and let M be a left G-module. We have been studying extensions

of G by M . For today, we will try to build an extension. Let Z : G×G→M and define
a multiplication law on M ×G

1. (m, g) · (n, h) = (m+ gn+ Z(g, h), gh)

Definition 1.1.17

We define [M ×G]Z to be the set M ×G together with this multiplication.

Problem 4. But is this even a group?

But is this even a group? Actually not without some hypothesis about Z. Since
we aren’t yet sure that [M × G]Z is a group, it is just a “magma", just a set with as
multipication

Proposition 1.1.18

If
0→M

i−→ G̃
q−→ G→ 1

is an extensions of G by M and

Cg(m) = gm

where the gm on the RHS is from the G-module structure onM . Then there exists
a Z such that G̃ = [M ×G]Z .

Proof. Find Z by choosing a section s of q. Then for all g we have q(s(g)) = g and

i(Z(g, h)) = s(g)s(h)s(gh)−1

Then the bijection

M ×G→ G̃

(m, g) 7→ i(m)s(g)

is a magma homomorphism
[M ×G]Z → G̃

�
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Corollary 1.1.19

If Z comes from a pair (G̃, s), then [M ×G]Z is a group.

Corollary 1.1.20: By fixing G̃ and changing s

It can happen that [M × G]Z1
∼= [M × G]Z2 . Jargon that will come up: Z1 is

cohomologous to Z2.

Definition 1.1.21

A function Z : G×G→M is called a 2-cochain on G with values in M .

Now let’s analyze whether [M ×G]Z is a group.

1. Associativity

2. Does it have an identity?

3. Does it have inverses?

For associativity, say we have elements (m, g), (n, h), (p, k) ∈M ×G. We have

((m, g)(n, h))(p, k) = (m+ gn+ Z(g, h), gh)(p, k)
= m+ gn+ Z(g, h) + ghpZ(gh, k), ghk)
= (m+ gn+ ghp+ Z(g, h) + Z(gh, k), ghk)

(m, g)((n, h)(p, k)) = (m, g)(n+ hp+ Z(h, k), hk)
= (m+ g(n+ hp+ Z(h, k)) + Z(g, hk), ghk)
= (m+ gn+ ghp+ gZ(h, k) + Z(g, hk), ghk)

So [M ×G]Z is associative if and only if

Z(g, h) + Z(gh, k) = gZ(h, k) + Z(gh, k)

that is
gZ(h, k)− Z(gh, k) + Z(g, hk)− Z(g, h) = 0.

Now Z takes values in a left G-module M , so the last term cannot be Z(g, h)k.

Definition 1.1.22

A 2-cochain with values in M is called a 2-cocycle if

gZ(h, k)− Z(gh, k) + Z(g, hk)− Z(g, h) = 0

for all g, h, k ∈ G.

And so we have just proved
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Proposition 1.1.23

[M ×G]Z is a semigroup in the sense of Bourbaki if and only if Z is a cocycle.

In fact more is true:

Theorem 1.1.24

[M ×G]Z is a group if and only if Z is a cocycle.

Proof. Let us first see what the cocycle condition says about (g, h, k) = (1, 1, g) or
(g, 1, 1).

Z(1, g)− Z(1 · 1, g) + Z(1, 1 · g)− Z(1, 1) = 0

that is, for all g we have
Z(1, g) = Z(1, 1).

So (−Z(1, 1), 1) is the identity element.
The inverse is given by the formula

(m, g)−1 = [g−1(−Z(1, 1)− Z(g, g−1)−m), g−1].

�

Next time we will talk about when are [M ×G]Z1 and [M,G]Z2 are isomorphic?
Let M be a left G-module. Suppose (G̃, q, i) and (G̃, q′, i′) are two extensions of G

by M .

Definition 1.1.25: Equivalent extensions

(G̃, q, i) and (G̃, q′, i′) are equivalent if there exists isomorphism

I : G̃→ G̃′

with
I(i(m)) = i′(m)

and
q(I(x)) = q′(x)

COMM DIA

Recall that if Z : G×G→M is a 2-cocycle on G with value in M , i.e.

gZ(h, k)− Z(gh, k) + Z(g, hk)− Z(g, h) = 0

then [M ×G]Z is the cartesian product M ×G together with the group structure

(m, g)(n, h) = (m+ gn+ Z(g, h), gh).
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Theorem 1.1.26

For all G̃ there exists Z such that G ∼ [M × G]Z , where ∼ is the equivalence
relation we defined above.

Problem 5. Followup question: When are [M ×G]Z and [M ×G]Z′ equivalent? Can
you give a characterization in terms of Z and Z ′?

First observe: Z ≡ 0 is a cocycle, i.e. the function (g, h) 7→ 0 for all g, h obeys the
cocycle condition. And we have

[M ×G]0 = M oG

An extension is isomorphic to a semidirect product if the extension “splits". So
[M ×G]Z ∼ [M ×G]0 if [M ×G]Z → G splits.

Problem 6. When does

0→M → [M ×G]Z → G→ 1

split? i.e. when is there a group homomorphism s : G → [M × G]Z such that s(gh) =
s(g)s(h) and q(s(g)) = g.

Answer: we can write any section s : G→ [M ×G]Z as

s(g) = (k(g), g)

where k : G→M is a function. We can also write any section as

s(g) = (−j(g), g)

for some g : G→M . We want to know whether j can be found so that

s(g)s(h) = s(gh).

The LHS is
(−j(g), g) · (−j(h), h) = (−j(g)− gj(h) + Z(g, h), gh)

and RHS is
(−j(gh), gh).

It can be found when
Z(g, h) = gj(h)− j(gh) + j(g)

for some j.

Definition 1.1.27

Z : G×G→M is called a 2-coboundry if there exists j : G→M such that

Z(g, h) = gj(h)− g(gh) + j(g).
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If Z is a coboundry, then [M ×G]Z splits, i.e. [M ×G]Z ∼M oG.

Theorem 1.1.28

[M × G]Z ∼ [M × G]Z′ if and only if Z − Z ′ is a coboundary. i.e. there is a 1-1
correspondence between the set of equivalence class of extensions of G by M and

Two observations, and some definitions underlying the theorem:

1. The set of M -valued 2-cocycles on G Z : G × G → M is an abelian group, using
+ in M

(Z + Z ′)(g, h) := Z(g, h) + Z ′(g, h)

(Z − Z ′)(g, h) = Z(g, h)− Z ′(g, h)

Definition 1.1.29

or p = 1, 2, 3 or any other integer ≥ 0,

C0(G;M)

is the abelian group of p-cochain on G with values in M , i.e.

C0(G;M) = Functions(G×G× · · · ×G,M)

with the abelian group structure given by + in M .

Definition 1.1.30

et δ : Cp(G,M)→ Cp+1(G,M)

2/14
Let M be a left A-module, and let N be an abelian group, i.e. N is a left Z-module.

Then we can consider the tensor product

M ⊗N = M ⊗Z N

we put N on the right so that this is a new abelain group with a left A-module structure:

a(⊗n) := (am⊗ n).

Now let M• = (M•, ∂) be a chain complex of left A-modules. Let N• = (N,∂)
be a chain complex of abelian groups. Let us now define a new chain complex of left
A-modules

((M ⊗N))•, ∂)

where the degree n element is

(M ⊗N)n =
⊕
i,j

i+j=n

Mi ⊗Nj
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and how do we define
∂(M ⊗N)n → (M ⊗N)n−1?

Say we have
x⊗ y ∈Mi ⊗Nj ⊂ (M ⊗N)n

where i+ j = n, and x ∈Mi, y ∈ Nj . We define

∂(x⊗ y) := ∂x⊗ y + (−1)ix⊗ ∂y.

This should remind you of the Leibniz rule (i.e. product rule).
Now where does the (−1)i come from?

1. If it wasnt’s in there, then ∂∂ 6= 0.

2. “Koszul sign convention”: Whenever you have two symbols a and b of “degrees”
|a| ∈ Z and |b| ∈ Z (interpreted losely). If they appear in one expression as ab and
then again, they get switched to (−1)|b||a|ba.

Proposition 1.1.31

((M ⊗N)•, ∂) is a chain complex of left A-modules, i.e. ∂∂(x⊗ y)).

Proof.

∂(∂(x⊗ y)) = ∂(∂x⊗ y + (−1)|x|x⊗ ∂y)
= ∂(∂x⊗ y) + (−1)|x|∂(x⊗ ∂y)
= ∂∂x⊗ y + (−1)|∂x|∂x⊗ ∂y + (−1)|x|∂x⊗ ∂y + (−1)|x|x⊗ ∂∂y
= 0

where in the last step we use

(−1)|∂x| = (−1)i−1, ...

�

Last time: Let X be a simplicial complex. Last time we defined a chain complex of
abelian groups

(C•(X), ∂)

called the simplicial chain complex. Supppose the chain complex we have is an interval
I with endpoints v0, v1, and edge e. Then the chain complex C•(I) looks like

0← 0← Z⊕ Z ∂←− Z← 0← 0← . . .

and
∂e := v1 − v0.

If M• is a chain complex of left A-modules, we can define

M• ⊗ C•(I).

A possilby suggestive notation: write this as

M• ⊗ I
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as though we are multiplying M• with the simplicial complex X. That is, we would like
to think of M•I as a “cylinder over M”.

Explicitly, (M ⊗ I)• looks like:

Mn ⊕Mn ⊕Mn−1︸ ︷︷ ︸
degree n

∂←−Mn+1 ⊕Mn+1 ⊕Mn︸ ︷︷ ︸
degree n+1

where
Mn ⊕Mn︸ ︷︷ ︸
Mn⊗(Zv⊕Zw)

⊕ Mn−1︸ ︷︷ ︸
Mn−1⊗Ze

Definition 1.1.32: Morphism of chain complexes

If M• and N• are both chain complexes of left A-modules. Define u : M• → N• to
be the data of a sequence un : Mn → Nn for all n obeying the condition

un∂ = ∂un.

Thus we have the category of chain complexes of A-modules

Ch(LMod(A)).

There are useful/interesting morphisms of chain complexes

proj : M•I →M•

sending (x, y, z) ∈M•I = Mn ⊕Mn ⊕Mn−1 to x− y ∈Mn. and

M• →M• ⊗ I.

Definition 1.1.33

A chain homotopy is a map
M• ⊗ I → N•.

Theorem 1.1.34

The prjection proj : M• ⊗ I →M• induces an isomorphism on homology modules

proj : Hn(M• ⊗ I)→ Hn(M•)
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